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Abstract. We consider a random family of Schrodinger operators on a cover 
X of a compact Riemannian manifold M = X/F. We present several results 
on their spectral theory, in particular almost sure constancy of the spectral 
components and existence and non-randomness of an integrated density of 
states. We also sketch a groupoid based general framework which allows to 
treat basic features of random operators in different contexts in a unified way. 
Further topics of research are also discussed. 



1. Introduction 

This paper is devoted to the study of spectral properties of random operators on 
manifolds. Their counterparts in Euclidean geometry play a prominent part in solid 
state physics [BBEE+84, ES84, Lif85, LGP88]. Homogeneous random Hamiltoni- 
ans are used to describe the propagation of both quantum mechanical and classical 
waves in random media. The model which most of the mathematical physics litera- 
ture is devoted to is a Schrodinger operator with random potential, see for instance 
[CFKS87, Kir89, CL90, PF92, StoOl]. Hereby the potentials, more precisely the 
level of randomness they describe, may take quite different forms. For instance, a 
random potential generated by a Poissonian stochastic field describes an amorphous 
medium, whereas a quasi-periodic potential models a medium whose structure is 
very close to a crystalline one. A model where the randomness lies somewhere be- 
tween the two just mentioned extremes is the (discrete) Anderson model on P{Z'^) 
and its continuum counterpart on L^(R'^), the alloy-type model. 

Characteristic for the last mentioned model is, that while the members of the 
random family of operators act on an i^-space over an continuum configuration 
space, the homogeneity is expressed via the action of the discrete group Z"^. We 
study here analogues of such operators, which act on more general geometries, 
namely covering Riemannian manifolds with compact quotients. Moreover, we 
allow also that the randomness enters in the Laplace-Beltrami operator via the 
metric. 

By the variety of the models which fit under the common roof of random (Schro- 
dinger) operators it cannot be expected that they will share all spectral features 
in detail. In fact, almost-periodic Schrodinger operators alone illustrate that all 
measure-theoretic types of spectrum may occur (see e.g. Chapter 10 in [CFKS87]). 
However basic spectral features are shared by all models and can be traced back 
to rather mild, abstract conditions on the considered random family of operators. 
These features include the non-randomness of the spectrum and existence of a self- 
averaging integrated density of states (IDS). 

These basic spectral properties are presented in this paper for random Schrodinger 
operators on manifolds and random Laplace-Beltrami operators. Furthermore we 
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indicate their origin from the above mentioned abstract properties using the frame- 
work of groupoids and von Neumann algebras. 

Let us say something about the physical picture one has in mind when studying 
these models. Random Schrodinger operators are used to study conductance prop- 
erties of solids. In certain cases it is known that the boundary plays a important 
role for the wave transport properties. This suggest the study of spectral properties 
of the Laplacc-Bcltrami operator of the two-dimensional surface which forms the 
boundary of the solid. Since the surface is not perfectly planar, we want to account 
for its random holes by using a stochastic field as the metric. 

If one describes wave propagation properties of thin films or layers — idealized 
by surfaces — it may be necessary to incorporate an additional random "effective 
potential", cf. for instance [EK]. However this zero order term of the operator is 
part of the kinetic energy and is a reminiscence of the fact that the operator on the 
surface is an idealization of an operator acting on a very thin layer. 

Let lis outline the structure of the paper. In the next section wc introduce 
the random operators on manifolds we arc dealing with. Sections 3 and 4 are 
devoted to basic spectral properties of those operators and the existence of an 
selfaveraging integrated density of states, while Section 5 and 6 provide insight 
in the groupoid/von Neumann algebra background of these results. In Section 
7 we specialize to alloy-type models on manifolds. For those we discuss Wegncr 
estimates. Finally the last section is devoted to some interesting questions for 
further study. 

2. Our model 

In this section we shortly discuss the geometric situation underlying our model 
and then introduce the random Schrodinger operators we are dealing with. The 
model is a generalization of the model introduced in [PV02] as has been studied in 
[LP Va, LP Vb] . Our treatment here mainly follows [LPVa, LPVb] to which we refer 
the reader for further details. 

Our model is based on the following geometric situation: Let X be a cover of a 
compact Riemannian manifold M = X/T where F is a discrete, finitely generated 
subgroup of the isometries of X with |r| = oo. Let go be the fixed F-periodic 
smooth Riemannian metric on the cover X, inherited from M. Denote by a 
precompact connected F-fundamental domain with piecewise smooth boundary. 
Furthermore, let {Q,Bn,F) be a probability space on which F acts ergodically by 
measure preserving transformations 7 : O — > 0, 7 e F. The expectation with respect 
to P is denoted by E. 

We will consider two types of random objects over {Q,Bq,F). The first is a 
family of random metrics on X, the second is a family of random potentials. Put 
together, they will give rise to a family of random operators. 

As for the random metrics, the manifold X is cquiped with a family of metrics 

{^wjwGO with corresponding volume forms voL- with the following properties: The 
map {ui,v) g^{v,v) is jointly measurable for all {io,v) G f2 x TX. There are 
constants Cg, Cp > such that 

(1) C-^9o{v,v) < g^{v,v) < Cggo{v,v) V (w, t;) G O x TX 
and 

(2) |Vo/)a.(a;)|o <CpV(w,a;) gJ7xX 

Here Vo denotes the gradient with respect to go, is the unique smooth density 
satisfying rfvolo = Puidvol^, and |t;|o = go{v,v). The Ricci curvature of all metrics 
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g'^ is bounded below by a fixed constant /sT G R. The metrics are compatible in the 
sense that the deck transformations 

7: {X,g^) {X,g^^) 

are isometries and that the induced maps 

are unitary operators on the family of Hilbcrt spaces over the manifolds {{X, gui)}Lo(£n- 

As for the random potentials, letV:flxX — > [0, 00) be jointly measurable with 
Vu = V{ui,-) e L\^^{X,g^) for all w G f2. Assume furthermore that V{'-^(jJ,x) = 
V{w,')~^x) for arbitrary x & X, oj & and 7 e F. 

Given a random metric and a random potential, we can now introduce the cor- 
responding random Schrodinger operators as := A^^, + on the Hilbert spaces 
vol„). In fact, these unbounded operators are defined by means of quadratic 
forms. Moreover, they satisfy the equivariance condition 

for all 7 e r and u £ Q. We will refer to {H^} as a random (Schrodinger) operator 
on the manifold X and denote this model by (RSM). 

3. General results 

In this section wc discuss mcasurability properties of our random operators, 
almost everywhere constancy of their spectral properties and we introduce the ab- 
stract density of states. Again, the results in this section are taken from [LPVa, 
LPVb]. 

We start by defining the notion of measurability in our setting. 

Definition 3.1. Let D be an open subset of X. A family of selfadjoint operators 
{Huj}ui, where the domain of is a dense subspace V^^ of L-^{D, vol^j), is called a 
measurable family of operators if 

(4) oj^{f^,F{H^)f^)^ 

is measurable for all measurable : K ^ C with \F\ bounded and all / : O x — » R 
measurable with /^^ G L?{D,yo\^^), fuj{x) = f{u,x), for every u £ fl. Here, 
denotes the inner product on L^(D, vol^^). 

Our random operators are measurable in this sense as can be seen from the next 
theorem. 

Theorem 1. A random operator {H^}ojen on X as well as its restriction {H^} 
to an arbitrary open set D C X with Dirichlet boundary condition is a measurable 

family of operators. 

The proof of the theorem is not too complicated but somewhat technical. In fact, 
for technical reasons it is needed that the a-algebra of Q. is countably generated. 
In our model this can be established by changing to an equivalent version of the 
defining stochastic processes given by the random potential and the random metric. 
This has been done for the potential explicitly in Remark 2.8 in [LPVa]. Given the 
mcasurabilty one can use the results of [LPVa] to establish a result on the non- 
randomness of the spectrum. 

Theorem 2. Let {i?aj}a;en be a random operator on X . Then there exist fl' C fl of 
full measure and S, S, c M, such that cf{H^) = S, a,{H^) = S, for all w G O' 
where • G {disc, ess, ac, sc, pp} . Moreover, J^disc = 0- 



4 



D. LENZ, N. PEYERIMHOFF, AND I. VESELIC 



Note that Cpp denotes the closure of the set of eigenvalues. 
Next, we introduce the (abstract) density of states for a random operator {-ffw} 
as the measure on M, given by 

(5) := '^^e[vo^"(^*^^^ ' bounded measurable /. 

The measure pH completely determines the spectral theory of the direct integral 
H — as can be seen from the following proposition. Recall that a measure 

(/) on R is a spectral measure for the selfadjoint operator H with spectral family Eh 
if, for Borel measurable S c M, 4>{B) = 0^ Eh{B) = 0. 

Theorem 3. The measure pn is a spectral measure for the direct integral operator 

r e 

H:= / H^dF{Lo). 
Jn 

In particular, the almost sure spectrum S coincides with the topological support 
{XeR: p{]X- e,X + e[) > for all e > 0} of pn- 

Remark 3.2. Of course, the spectral properties of H will in general be different and 
in, fact, "smoother" than the spectral properties of the single operators H^^. 

It will turn out that the measure pn, its distribution function E ph{—oo, E) 
and a certain trace on a suitable von Neumann algebra are intimately connected. 
This will be studied in the next sections. 

4. Subin-Pastur trace formula 

In this section we discuss how the distribution function of the abstract density of 
states can be calculated by an exhaustion procedure. As the distribution function 
is essentially given by a trace (see below) , this gives effectively a way to calculate a 
trace by an exhaustion procedure. This type of formula is associated to the names 
of Pastur and Subin after the seminal work [Pas71, Sub79, Sub82]. The material 
of this section is taken from [LPVb]. 

We consider the following normalized eigenvalue counting function for the re- 
stricted random operator {H^} on a given open set D C X: 

Obviously, iV^^ is a distribution function and has countably many discontinuity 
points. Our aim is now to exhaust X by an increasing set {D^} of open do- 
mains. For well-definedness of the limit (at all continuity points) we need that the 
group r is amenable. A geometric description of amenability is the existence of 
a F0lner sequence. Let us introduce the relevant notions in the next definition. 
The function (p associates to every finite subset / C F a corresponding open set 

(/>(/) = int^ (J^gj of X, with the help of the fixed fundamental domain of 

Section 2. 

Definition 4.1. (a) A sequence {Ij}j of finite subsets in F is called a F0lner se- 
quence if limj^oo "^^^^^^ = for all 7 G F. 

(b) A F0lner sequence is called a tempered F0lner sequence Hit is monotonously 
increasing and satisfies sup^gjij ^ ^ 

(c) A sequence {D^j of subsets of X is called admissible if there exists a tempered 
F0lner sequence {Ij}j in F with = (j>{Ij), j € N. 
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Lindenstrauss shows in [LinOl] that every F0lner sequence has a tempered sub- 
sequence, and uses this to prove an ergodic theorem for locally compact amenable 
groups. 

Using Lindenstrauss results together with suitable heat kernel estimates, it is 
shown in [LPVa] that, for any admissible sequence {D^}, and the corresponding 
normalized eigenvalue functions -/V£, := the limit 

Nh{X) = lim Ni{X) 

]—>oo 

exists for almost all lu £ D, and for all A G R with at most countably many excep- 
tions. The limit is again a distribution function and carries the name integrated 
density of states. It agrees with the (nonrandom) distribution function of the ab- 
stract density of states. This result is stated in the following theorem. 

Theorem 4. Let {D^}j he an admissible sequence and {-Ha;}a) be as above. There 

exists a set fl' of full measure such that 

lim NiiX)=NH{X)^PHi]-'x^,X[), 

]—>oo 

for every uj e V,' and every point A G R with Ph{{^}) = 0. 

Using Dirichlet-Neumann bracketing, we obtain the following corollary as an 
immediate consequence of the preceeding theorem (and its proof). 

Corollary 4.2. For every A G R with Ph{{^}) = we have 

E(tr(x]-oo,A[(gr'^))) < ^ ... < E(tr(x]-oo,A[(gr'^))) 
E(vol.(JF)) - ''^^> - ]E(vol.(.F)) 

where X]-oc},x[{H^''^), ^ = D or ^ = N denotes the spectral projection of the 
restricted operator to T with Dirichlet, resp., Neumann boundary condition 
onto the interval ] — oo, A[. 

5. The density of states as a trace on a von Neumann algebra 

The abstract density of states pn is closely related to a trace r of a suitable von 
Neumann algebra TV. 

In order to describe the von Neumann algebra Af, we first introduce the concept 

of a bounded random operator: 

Definition 5.1. A family {At^jweo of bounded operators A^: L-^{X,vo\^) 
L^{X,vo\^) is called a bounded random operator if it satisfies: 

(i) u) {guiTA^fui) is measurable for arbitrary /, g G L^(ri x X, Povol). 

(ii) There exists a C > with < C for almost all a; G fi. 

(iii) For all a; G 0,7 G F the equivariance condition A,^ = U(^jj^^)A^-i^U^^ ^^is 
satisfied. 

Two bounded random operators {Au,}i^,{Bu}}lo are called equivalent, {A^i^u; ^ 
{Buj}un if A^ = for P-almost every w G fi. Each equivalence class of bounded 
random operators {A^^l^^ gives rise to a single bounded operator A on the larger 
Hilbcrt space L^(il x X, Povol,) by {Af){uj^x) A^f^{x), sec Appendix A in 
[LPVa]. This allows us to identify the equivalence class of {^aj}tj with the bounded 
operator A. 

Now, the set of bounded random operators form the von Neumann algebra Af 
(see Theorem 3.1 in [LPVa]). This von Neumann algebra possesses a trace [LPVa]) 
which is given by the following procedure: Choose a measurable u: Q x X ^ R+ 
with X^^£r^7-^a;(7~^a;) = 1 on f2 x X and define 

t{A) ■.= E[tv{u.A.)] 
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on the set of non-negative operators in A/". This r is independent of u (chosen as 
above). Under an additional freeness condition (see Theorem 4.2(b) in [LPVa]), 
A/" is a factor of type IIoo and its trace is uniquely determined (up to a constant 
multiple). 

By (3) and the last section, the resolvents, spectral projections and the semigroup 
associated to {H^^}^ arc all bounded random operators. This can be used to show 
how ph and r are related. Namely, the family {E^^{X)}i^ of spectral projections 
onto the interval ] — oo, A[ of the random operator {H^}^ is an element of A/" and 
agrees with the spectral projection of H := H^^ dF{u)) onto ] — oo, A[. Hence 
t{E{X)) is well defined. 

Choosing Uaj{x) = XJ^i^) we can summarize these considerations in the following 
result. 

Corollary 5.2. Set V = E{yoI,J^). Then, ^t{E{X)) = Nh{\). 

6. The general framework: Random operators and groupoids 

The abstract considerations in the last section motivate naturally a more general 
abstract framework which covers also random operators arising in various other 
settings: random operators on abelian (or more general) amenable groups (see, 
e.g., [Bel86, Bel92, KX87]), random operators on Bethe lattices (see e.g. [Kle96]), 
on tilings and Delone sets as (sec, e.g., [BHZOO, Kel95, LS02, LS]), on foliations 
and on manifolds (see above). This general framework allows a unified treatment 
of basic spectral features of random operators in these different contexts by the use 
of Connes non-commutative integration theory [Con79] . This has been done by the 
authors in [LPVa]. 

There also, as an illustration, the details have been worked out for random 

Schrodinger operators on manifolds. A corresponding treatment of quasicrystals 
has been done in [LS02, LS02] (see [Kel95, BHZOO] as weU). For almost periodic 
operators it can be found in [Bel86, Bel92, KX87, Len99]. 

The abtract framework starts with a measurable groupoid Q (in our model Q = 
ri X r). The corresponding set of units, denoted by ^l, carries a measure /i (which 
is invariant w.r.t. G) and can in our model (RSM) be canonically identified with 
the underlying probability space. The groupoid Q acts on a suitable space X. This 
space is a bundle over fl with natural projection map n : X ^ fl and equiped with 
a family (a"^) of measures s.t. a'^ is supported in X'^ = 7r~^(a;). 

Given this setting one can easily define random operators. A bounded random 
operator is a family of operators {A^^} acting on the Hilbert spaces L'^{X'^ ,a'^) of 
the fibers X'^ = 7r~^(a;) which satisfies the following conditions analogous to the 
ones given in Definition 5.1 

• the map Lu is measiirablc and essentially bounded 

• the family is equi variant, i.e. compatible with the action of Q. 

Note that this setting very naturally produces the two main features of random 
operators: a family of operators indexed by a probability space and an equivariance 
condition. 

As above, one associates to an equivalence class of a bounded random operator 
{A^} in one-one correspondence a single bounded operator A on the larger Hilbert 
space H := L^{X, /uoa), and the set of these operators on H defines a von Neumann 

algebra JV. 

While this formalism may seem rather abstract and somewhat vague, we should 
like to stress that, firstly, it applies to a large number of models and secondly, the 
involved quantities can in concrete cases often easily be identified. We include the 
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following table to make this transparent. Here, cm. means counting measure on a 
discrete space and L.m. means the Lebesque measure: 



Model 


Groupoid 


Units 

of g 


Typical fibre 
of X 


measure 
a" on 


AndcTson 
iiiotk^l 


n X Z'* 






cm. 


Alloy-type 
model 


X 






L.m. 


Lifschitz-Poisson 
model 


X 






L.m. 


Random Gaussian 
potential 








L.m. 


Almost periodic 
potential 


f2 X 






L.m. 


(RSM) 


Q X r 







voL 


Dclonc system 







LU 


cm. 


Tiling r 




Tiling space 


Tiling 


cm. 


Foliation 


Q{X,T) 


X 




voljf^ 



As can be seen in the diagram, in many models the groupoid is given by the 
product of a group with the underlying probability space. 

Now, given this framework as well as some additional technical conditions (see 
Definition 2.6, Theorem 4.2(b) and Lemma 5.6 in [LPVa]) the following properties 
of the von Neumann algebra Af and an affiliated random family {H^^} can be 
established [LPVa]: 

(i) Almost sure constancy of the spectral components of {Ha,}, 

(ii) absence of discrete spectrum for almost every {Hu}, 

(iii) existence of a faithful trace r on Af, which gives rise to a spectral measure of 

the family {H^^}. 

Under suitable additional conditions one can even provide a trace formula, or 
more precisely: 

(iv) An explicit way to calculate the trace using an exhaustion procedure. 

To infer such a formula, one has to have information not only on the groupoid Q, 
but also on the space X and on the family of operators (-ffoi) on the Hilbert space 
L'^{X^,Tn^). As for the properties of X, one has to be able to control boundary 
effects. More precisely, a exhausting sequence of subsets of X must exist, such that 
in the limit the " area" of the boundaries becomes negligible when compared to the 
volume of the subsets in the exhaustion sequence. Furthermore, an appropriate 
ergodic theorem (for Q) must be at disposal. It ensures that spectral quantities 
are averaged out as one proceeds along the exhaustion sequence. The operators 
ifoj acting on L^{X^, rriu) — more precisely, certain auxiliary functions of them — 
must satisfy a " finite range" condition or a " principle of not feeling the boundary" . 
The discrete Laplacians on graphs and continuous Laplacians are examples of such 
operators. 

7. WEGNER estimates and continuity PROPERTIES OF THE IDS 

In this section we discuss Wegner estimates and continuity properties of the 
integrated density of states in our model. The material is taken from [LPPV] . 

Let be our random operator. Let J C F be a finite subset of F, D := ^( J) 

and denote by the spectral family of the restricted operator with Dirichlet 
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boundary condition. An estimate of the form 

(7) E{tv{P,^{[E-e,E + e])))<Ce''\jf 

with C, a, /? > and E in a. suitable interval 7 in R is called a Wegner estimate 
after the work [WegSl] of Wcgncr. Wcgncr estimates play a crucial role in proofs 
of localization (see e.g. [FS83, vDK89, CH94, StoOl, GKOl]). Moreover, they can 
be used to establish continuity properties of the integrated density of states. For 
example, if (7) holds with /3 = 1 and C and a independent of J for all energies in a 
certain energy interval I, then the results of the last section, in particular. Theorem 
4 imply 

(8) N{[E -e,E + e]) <Ce" 

for all E G I. This means that N is Holder continuous with exponent a. 

To obtain Wegner estimates in our setting, we must further specialize our model. 
In the following we present two specific examples where it is possible to derive 
Wegner estimates. In both models one part of the energy, either the kinetic or the 
potential, is of alloy type. In the fist one the potential has this structure, while in 
the second it is the metric of the Laplace-Beltrami operator. 

We call a random operator {Hi^} alloy potential model if the potential is 
relatively small with respect to A^^, uniformly in lu and can be decomposed into 
two parts Vcj = Vper + . The first one Vper is F-periodic, while the second one is 
the generalization of the well known Euclidean alloy-type potential 

Here the coupling constants q^,^/ G F are a collection of independent, identically 
distributed random variables. The distribution measure jl of Qe (which coincides 
with the distribution measure of q-y for every 7) is assumed to have a density 
/ G with respect to the Lebesgue measure. The single site potential v G L'^ is 
a function satisfying v > kxr for some k > 0. 

In this model we assume the metric to be non-random, i.e. let g^ = go for all 
LU en. 

The other model where a Wegner estimate can be derived is a random operator 
{Hi^} with alloy-type metric. Here we again have to assume that the potential 
is a relatively small perturbation with respect to A^^, uniformly in u. 

The metric is random and resembles the alloy-type potential above. Namely, for a 
collection of independently identically distributed random variables r-y : O ^ M, 7 G 
F, whose distribution measure /i has a compactly supported density / in the Sobolev 
space Wi{R) and a single site deformation u e C^(X) with u > kxj^, k > define 
for each u gCI 

gM)=(Y.e^^^-K{j-\))go{x). 

In this model we assume that the stochastic process is independent of {r-^ y^f. 

In both Wegner estimate can be established in a suitable energy region. 

We refer the reader to [LPPV] for further details. 

8. Outlook 

The line of research started in [LPVa, LPVb] and (partly) summarized above 
can be pursued in various directions. Two of the main directions are 

(a) the study of more specific spectral features for more specialized models on 
manifolds. 
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to extend the investigation to other models and geometries. 

In both of these directions, various questions are immediate. We summarize 
some of them shortly in the remainder of the section. 

As for (a), the following topics deserve special mentioning: 

(*) Lifshitz tails for our models, 

(*) localization phenomena of Laplacians on manifolds with randomly per- 
turbed metrics, 

(*) decay properties of eigenfunctions, 

(*) random Schrodinger operators with magnetic fields. 

As for (/J), the following directions are of particular interest to us: 

(*) Integrated density of states for foliations: existence and a Subin trace for- 
mula, 

(*) a Subin trace formula for random graphs, 

(*) integrated density of states for divergence type operators on manifolds. 
Some of these topics are subject of our current research. 
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